Abstract. The purpose of this paper is to introduce and investigate two new classes of generalized Bernoulli and Apostol-Bernoulli polynomials based on the definition given recently by the authors [29] . In particular, we obtain a new addition formula for the new class of the generalized Bernoulli polynomials. We also give an extension and some analogues of the Srivastava-Pintér addition theorem [28] for both classes. Finally, by making use of the new addition formula, we exhibit several interesting relationships between generalized Bernoulli polynomials and other polynomials or special functions.
Introduction
The generalized Bernoulli polynomials B n (x) of order α ∈ C, each of degree n as well as in α, are defined respectively by the following generating functions (see, [6, Vol.3 where C denotes the set of complex numbers.
The literature contains a large number of interesting properties and relationships involving these polynomials [1, 5, 6, 8, 21] . These appear in many applications in combinatorics, number theory and numerical analysis.
Recently, some interesting analogues of the classical Bernoulli polynomials and the classical Euler polynomials have been investigated. Q.-M. Luo and H.M. Srivastava [18, 20] introduced the generalized ApostolBernoulli polynomials B Luo [11] invented the generalized Apostol-Euler polynomials E (α) n (x; λ) of order α ∈ C. Many authors have investigated these polynomials and numerous very interesting papers can be found in the literature. The reader can read (see, for examples, [3, 4, 7, 12, 13, 14, 15, 16, 19, 23] ).
Especially, the generalized Apostol-Bernoulli polynomials and the generalized Apostol-Euler polynomials are defined respectively as follows.
Definition 1.1. The generalized Apostol-Bernoulli polynomials B
(α) n (x; λ) of order α ∈ C are defined by means of the following generating function:
(|t| < 2π when λ = 1; |t| < | log λ| when λ = 1; 1 α := 1)
n (x; 1). Definition 1.2 (Luo [11] ). The generalized Apostol-Euler polynomials E (α) n (x; λ) of order α are defined by means of the following generating function:
n (x; 1).
Kurt [9] gave a new generalization of the Bernoulli polynomials of order α in the following form. t m e t − m−1 l=0
Recently, the authors [29] investigated a new class of generalized Apostol-Bernoulli polynomials. These are defined as follows.
Definition 1.4. The generalized Apostol-Bernoulli polynomials B
[m−1,α] n (x; λ) of order α ∈ C, m ∈ N, are defined, in a suitable neighborhood of t = 0, with |t + log λ| < 2π by means of the generating function
It is easy to see that if we set m = 1 in (1.8), we arrive at
This is the generating function for the generalized Apostol-Bernoulli polynomials of order α. Thus, we have
n (x; λ). Obviously, when λ = 1 in (1.8), we obtain (1.7). Moreover, if m = 1 and α = 1, we obtain
n (x; 1) = B n (x) where B n (x) are the classical Bernoulli polynomials. Also, Srivastava et al. [26] introduced a new interesting class of ApostolBernoulli polynomials that are closely related to the new class that we present in this paper. They investigated the following form. n (x; λ) defined by (1.3). The case where α = 1 has been studied by Luo et al. [17] .
The authors in [29] also gave a generalization of the Srivastava-Pintér addition theorem (see [28, 
holds between the new class of generalized Apostol-Bernoulli polynomials and the Apostol-Euler polynomials.
In this paper, we propose a further generalization of the Bernoulli and the Apostol-Bernoulli polynomials and we give some properties involving them. For the new class of Bernoulli polynomials, we establish a new addition theorem with the help of a result given by Srivastava et al. [27] . We also give an extension of the Srivastava-Pintér theorem. Finally, we exhibit some relationships between the special case of the generalized Apostol-Bernoulli polynomials and other polynomials or special functions with the help of the new addition formula.
An addition theorem for a new class of generalized Bernoulli polynomials
In this section, we introduce a new class of generalized Bernoulli polynomials. We give some properties of that new class of polynomials and finally, we establish a new addition theorem based on a result due to Srivastava et al. [27] . 
If we set b = c = e in (2.1), we find (1.7). Thus, we have
Moreover, if b = c = e, m = 1 and α = 1 in (2.1), we obtain
n (x, e, e) = B n (x) where B n (x) are the classical Bernoulli polynomials.
Theorem 2.2. Let b, c ∈ R + and m ∈ N. Then, the following relation
holds true.
Proof. From (2.1) with α = 1, we have
Using the fact that
Some elementary manipulations give
Comparing the coefficients of (2.8), the result follows easily.
If we put b = c = e in (2.4), we find the result given by Natalini and Bernardini [22, p. 158 , (2.6)], namely (2.9)
where
are the Bernoulli polynomials defined by (1.7).
Moreover, if we set b = c = e and m = 1 in (2.4), we obtain the following well-known expression (see [21, p. 26] ) (2.10)
where B h (x) are the classical Bernoulli polynomials defined by (1.1) with α = 1.
The generalized Bernoulli polynomials B 
and
Proof. Considering the generating function (2.1), the addition formulas (2.11) and (2.12) are easily deduced.
The next theorem has been invented by Srivastava et al. [27] . However, the theorem is given without proof (see, [27, p. 438-440] ). Theorem 2.4. Let B(z) and z −1 C(z) be arbitrary functions which are analytic in the neighborhood of the origin, and assume (for sake of simplicity) that (2.13)
Define the sequence of functions f
by means of (2.14)
where α and x are arbitrary complex numbers independent of z. Then, for arbitrary parameters λ and y, (2.15)
provided that Re(γ) > 0.
Remark 2.5. The choice of 1 in the conditions of (2.13) is merely a convenient one. In fact, any nonzero constant values may be assumed for B(0) and C (0). Now, applying the last theorem with special choices of functions and parameters furnishes the next very interesting addition formula. This formula is contained in the following corollary. provided that Re(γ) > 0.
and C(z) = t log c in Theorem 2.4, the result follows.
Moreover, if we set λ = 0 in (2.16), we obtain
The last result (2.17) will be very useful in the last section of this paper.
A new class of generalized Apostol-Bernoulli polynomials
The following definition provides a natural generalization and unification of the Apostol-Bernoulli polynomials B
[m−1,α] n (x; λ), m ∈ N, of order α ∈ C introduced by R. Tremblay et al. [29] and those defined by (2.1). 
It is easy to see that if we set m = 1, b = c = e in (3.1), we arrive at
n (x; λ). Obviously, when λ = 1 in (3.1), we obtain (2.1). Moreover, if m = 1 and α = 1, we obtain Proof. Considering the generating function (3.1), the addition formulas (3.5) and (3.6) are easily deduced. .7) and with the help of (3.3), we find (3.8)
Using the well known result (see, [20] ) n−1 (x; λ).
A generalization and some analogues of the SrivastavaPintér addition theorem
In this section, we give a generalization of the Srivastava-Pintér addition theorem and an analogue. We end this section by giving two interesting relationships involving the new addition formula (2.17). 
Proof. First of all, if we substitute the entry (9) for x n from Table 1 into the right-hand side of (3.6), we get
which, upon inverting the order of summation and using the following elementary combinatorial identity:
The innermost sum in (4.4) can be calculated with the help of (3.6) with, of course,
We thus find from (4.4) that (4.5)
which, with the relation (3.7), leads us to the relationship (4.1) asserted by Theorem 4.1.
Remark 4.2.
If we put λ = 1 and b = c = e in Theorem 4.1, we obtain Theorem 1.6. Furthermore, if we set m = 1, we recover the Srivastava-Pintér addition theorem [28] . 
Legendre polynomials [24, p. 181, Theorem 65]
Gegenbauer polynomials [24, p. 283, (36)] 
Euler polynomials [21, p. 30] 
Apostol-Bernoulli polynomials [20, p. 634, (29) ] 
Generalized Bernoulli polynomials and Stirling numbers [30, p. 1329, (2.16 )] 
Generalized Bernoulli polynomials [22, p. 158, (2.6)]
With the help of Table 1 that contains a list of series representation for x n in terms of special polynomials or numbers, we can find some analogues of the Srivastava-Pintér addition theorem. As example, if we consider the entry 3, we obtain the next theorem. 
holds between the new class of generalized Apostol-Bernoulli polynomials and the generalized Laguerre polynomials defined by
Proof. From the addition theorem (3.6) and entry 3. Now, let's shift our focus on two special cases of the addition theorem (2.17) involving the new class of generalized Bernoulli polynomials defined by (2.1). These are contained in the two next theorems. 
holds between the new class of generalized Bernoulli polynomials and the Stirling numbers of the second kind that could be computed by the formula [25, p. 58, Eq. 1.5]
Proof. From the addition theorem (2.17) and entry 5. holds between the new class of generalized Bernoulli polynomials and the generalized Bernoulli polynomials defined by (1.7).
Proof. From the addition theorem (2.17) and entry 13.
We conclude this paper by noting that we can apply theorem 2.4 to the class of generalized Bernoulli polynomials defined by (1.12) when λ = 1. This gives the following new addition formula for that class of polynomials. k (x − ky; 1; a, b, c) (γ + k) n−k (y log c) n−k .
holds true for the generalized Bernoulli polynomials defined by (1.12).
Proof. Setting B(z) = t b t − a t and C(z) = t log c in Theorem 2.4, the result follows.
It could be interesting to consider this addition formula (4.11) in conjunction with series representation involving some special functions for x n in order to derive some analogues of the Srivastava-Pintér addition theorem. A paper dealing with analogues of the Srivastava-Pintér addition theorem and addition theorem (Theorem 2.4) for two new classes of polynomials, that is, the generalized Apostol-Euler polynomials and the generalized Apostol-Genocchi polynomials is under preparation.
